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Abstract
We derive the vector-like four dimensional overlap Dirac operator
starting from a five dimensional Dirac action in the presence of a
delta-function space-time defect. The effective operator is obtained
by first integrating out all the fermionic modes in the fixed gauge
background, and then identifying the contribution from the localized
modes as the determinant of an operator in one dimension less. We
define physically relevant degrees of freedom on the defect by intro-
ducing an auxiliary defect-bound fermion field and integrating out the
original five dimensional bulk fields.
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1 Introduction
The overlap Dirac operator [1, 2] has a somewhat unusual form. On
the lattice, its determinant gives the exact effective action that is asso-
ciated with a pair of left handed fermions in conjugate representations
located on two infinitely separated, parallel domain walls, embedded
in five dimensions, and subjected to the same four dimensional gauge
field background [3]. The five dimensional gauge field is independent
of the coordinate orthogonal to the domain walls and has no compo-
nent in that (fifth) direction [4, 5, 6]. Thus, the five dimensional gauge
field is defined by a four dimensional one. The five dimensional space
is R×M whereM is four dimensional, and for definiteness, compact
and latticized (hence, IR and UV regularized).
The exact effective action is defined by a limiting procedure whereby
R is replaced by a finite length segment L, imposing specific boundary
conditions at the endpoints of L. A “bulk” action is defined from the
system S ×M where S is a circle, which is of the same length as L
but now one has translational invariance along S. The effective ac-
tion is then obtained by dividing the fermion determinant associated
with R×M by the fermion determinant corresponding to the S ×M
system, and taking the length of L to infinity [7].
The original derivation was different [1], since it dealt first with
a single domain wall embedded in five dimensions, which produced
a formula for the action associated with a single left handed fermion.
The partition function for the left handed fermion had an incompletely
defined phase, and had to be viewed as a section of a line bundle over
the space of four dimensional gauge fields. The product of this section
with its conjugate produced the determinant of the overlap operator,
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a real valued functional of the four dimensional gauge field which is
invariant under gauge transformations.
In either of the two derivations, the chiral components of the Dirac
fermion live on two separate copies of M. Although there is no ob-
stacle to the eventual identification of the two copies, physically, it
would be more appealing to have the two Weyl components living on
the same M from the beginning.
In this note we present a non-rigorous derivation of the overlap
formula, from a starting point where the two chiral components of
the Dirac field live on the same four dimensional manifold M. We
say that the derivation is non-rigorous because we do not employ an
explicit UV regularization, although M can be taken to be compact.
As we shall see, this approach makes it possible to understand the
formula for the overlap Dirac operator in just a few lines.
2 The setup
Thinking in terms of the setup reviewed at the beginning of this note,
we wish to replace the segment L with the two Weyl fields living at
its opposite endpoints, by first gluing the two ends to each other, then
cutting L in the middle, and finally letting the two (new) endpoints
created by the cutting go to ±∞, respectively. So, we again have a
R ×M manifold. Denoting the coordinate along R by s, we assume
that s = 0 corresponds to the point where the original endpoints of L
have been glued. The coordinates along M are denoted collectively
by x. To keep the discussion more general, we replace the dimension
4 of M by an arbitrary even number d.
We must have a singularity, or a defect, at s = 0, since the two
Weyl fields cannot, in general, be glued continuously to each other.
Nevertheless, the massless Dirac fermion is expected to be bound to
that singularity, i.e., to be localized on the single copy ofM at s = 0.
The defect can be realized by adding a suitable singular mass term to
the d+1 dimensional Dirac operator Dd+1, so that the eigenfunctions
of Dd+1 have a discontinuity at s = 0.
The dimension of s is fixed by the choice of the structure of Dd+1,
where first-order derivatives in s and x appear. Moreover, since the
singular mass term must have support at s = 0, we conclude that
a mass parameter of the form ξδ(s), with a dimensionless parame-
ter ξ, is of the right form. For Dd+1 to have an eigenvalue problem,
we must assign a value to Ψ(x, 0), depending linearly on Ψ(x, 0−)
and Ψ(x, 0+). To preserve the s → −s symmetry, which is tied
to four dimensional charge conjugation invariance, we set Ψ(x, 0) =
1
2 [Ψ(x, 0−) + Ψ(x, 0+)].
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The d+ 1 dimensional operator has thus the form:
Dd+1 = γs∂s+ 6D +m+ ξδ(s) (2.1)
where 6D = 6 ∂+ 6A is the d-dimensional Dirac operator in the presence
of a gauge field whose components Aµ depend only on x and our Lie
algebra generators are such that Aµ(x) = −Aµ(x)
†. We now can
determine ξ by ensuring that Dd+1 has exact zero modes when the
d-dimensional gauge field on M is from a nontrivial bundle and as
a consequence, for the chosen background, 6D has chiral zero modes
ψd(x). We wish to ensure that there exist then zero modes of Dd+1 of
the form Ψ(x, s) = φ(s)ψd(x). We find that the choice ξ = −2 sign(m)
does the job, with a discontinuous φ(s) which is zero on the s > 0 or
s < 0 halves of R. On the other half it goes as exp(−|ms|). For
definiteness, we pick m > 0 and ξ = −2.
3 Evaluation of the effective action
We now evaluate Γξ(A), the effective action resulting from the func-
tional integral corresponding to the action Sf =
∫
ddxds Ψ¯Dd+1Ψ.
We separate the singular part out, writing Dd+1 = D +M(s) with
M(s) = ξδ(s). The path integral
e−Γξ(A) =
∫
DΨDΨ¯ e−Sf (Ψ¯,Ψ;A) , (3.1)
gives the fermion determinant:
detd+1
[
D +M(s)
]
≡ e−Γξ(A) . (3.2)
Hence:
Γξ(A) = − ln detd+1
[
D +M(s)
]
= −Trd+1 ln
[
D +M(s)
]
. (3.3)
Γξ does not vanish in the absence of a defect, i.e. when ξ = 0 and
all modes are de-localized in the s direction. In order to assign an
effective Dirac operator O to the additional modes showing up when
ξ 6= 0, which are localized at the defect, we define the effective action
ΓO by subtracting Γ0 from Γξ:
ΓO(A) ≡ Γξ(A) − Γ0(A)
= −Tr ln
[
I +D−1M(s)
]
, (3.4)
where the trace is over all of the spacetime coordinates and indices.
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The ξ = 0 piece is linear in L, the length of the s coordinate, and
vanishes for L = 0. This reflects translational invariance at ξ = 0. It
is given by:
Γ0(A) = −L
[
tr(1)(c0 + c1 ln Λ)Λ +
1
2
Trd(
√
− 6D2 +m2)
]
, (3.5)
where Λ is a UV cutoff, c1 and c2 are constants, and Trd denotes the
Dirac and functional trace in d-dimensional space. The symbol ‘tr’
denotes the Dirac trace. The L dependence of Γ0 makes it possible to
separate ΓO out from Γξ.
3.1 Perturbative derivation
We first calculate ΓO as a series in powers of ξ:
ΓO(A) =
∞∑
n=1
Γ
(n)
O (A) (3.6)
where:
Γ
(n)
O (A) =
(−1)n
n
Trd+1
[(
D−1 Mˆ
)n]
. (3.7)
The operator Mˆ has the matrix elements:
< s, x|Mˆ |s′, x′ >= ξδd(x− x′)δ(s)δ(s′)
Therefore, the integration over the s coordinates can be carried out
explicitly, leaving us with
Γ
(n)
O (A) =
(−1)n
n
ξn Trd [K
n] , (3.8)
with a trace over internal indices and over the x coordinates. K is the
operator that results from evaluating the kernel of D−1 from s = 0 to
s = 0:
K =
∫ +∞
−∞
dks
2pi
1
iγsks+ 6D +m
. (3.9)
Writing
K =
∫ +∞
−∞
dks
2pi
(
−iγsks− 6D +m
k2s− 6D
2 +m2
)
= (− 6D +m)
∫ +∞
−∞
dks
2pi
1
k2s− 6D
2 +m2
, (3.10)
we then perform integral over ks, after having thrown away the piece
odd in ks, to obtain:
K =
1
2
V , (3.11)
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where V denotes the unitary operator:
V =
− 6D +m√
− 6D2 +m2
. (3.12)
Inserting this into the expression for ΓO, we see that:
ΓO(A) = − Trd
[ ∞∑
n=1
(−1)n−1
n
(ξK)n
]
, (3.13)
or
ΓO(A) = −Trd ln
[
1 +
ξ
2
V
]
= − ln detd
[
1 +
ξ
2
V
]
. (3.14)
We now identify the effective d-dimensional operator O:
e−ΓO(A) ≡ detdO (3.15)
where
O = 1 +
ξ
2
V . (3.16)
With ξ = −2 (3.16) reduces to the usual overlap operator [1]:
O = 1 − V . (3.17)
For a trivial gauge field on M = R4 and for small momenta, with
m > 0, V ≃ 1− 6D/m, leading to O ≃ 6D/m.
One could worry about the validity of the expansion (3.8) in powers
of ξ, given that at the end we set ξ = −2. We see that the expansion
really is in the combination ξK which is unitary and convergence is
not a problem except for eigenstates of V with eigenvalue 1, where we
know we should get the logarithm of zero.
3.2 Auxiliary field derivation
To gain further insight into the nature of this system, we now provide
an alternative derivation, which makes use of auxiliary fields to take
the defect into account. These auxiliary fields are localized at the
defect (by definition), and together with Ψ(x, 0) they can be used to
make up two linear combinations of fields onM: one which has a chi-
rally symmetric propagator and another one which does not propagate
at all. Those fields do mix, and this is how one can consistently main-
tain exact chirality for “valence” fermions but not for “sea” fermions
which are governed by O, which does not anti-commute with γs. This
is consistent, becauseO obeys the Ginsparg-Wilson relation [8], which
says that the propagator 11−V is chiral up to a contact term on M.
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The auxiliary fields arise naturally when we linearize the singular
part of the action, by introducing Grassmann-valued (Dirac) fields χ
and χ¯ 1, living in d dimensions:
e−
R
ddxdsΨ¯M(s)Ψ =
∫
DχDχ¯ e−
R
ddx
(
1
ξ
χ¯(x)χ(x)−i[χ¯(x)Ψ(x,0)+Ψ¯(x,0)χ(x)]
)
∫
DχDχ¯ e−
R
ddx 1
ξ
χ¯(x)χ(x)
.
(3.18)
We have
e−ΓO(A) =
∫
DχDχ¯ e−Sd(χ¯,χ;A) (3.19)
where:
e−Sd(χ¯,χ;A) = Nξ
(
detD
)−1 ∫
DΨDΨ¯ e−
R
ddx dsΨ¯DΨ
× ei
R
ddx
[
χ¯(x)Ψ(x,0)+Ψ¯(x,0)χ(x)
]
× e−
1
ξ
R
ddxχ¯χ (3.20)
and Nξ ≡ det ξ. We now integrate over the original Dirac field:
e−Sd(χ¯,χ;A) = e−
R
ddx
R
ddx′χ¯(x)O(x,x′)χ(x′) , (3.21)
where
O ≡ I +
ξ
2
V , (3.22)
with V as defined in (3.12); Nξ was dropped. We see that:
e−ΓO(A) = detdO , (3.23)
where O becomes the overlap Dirac operator when ξ ≡ −2, exactly as
in the perturbative derivation.
4 Degrees of freedom at the defect
The propagator of the auxiliary fields,
〈χ(x)χ¯(y)〉 = O−1(x, y) ≡ 〈x|O−1|y〉 , (4.1)
has a pole at zero momentum when ξ = −2, describing a massless dy-
namical Dirac fermion. On the other hand, the original fields, Ψ(x, 0)
and Ψ¯(x, 0), have the propagator:
〈Ψ(x, 0)Ψ¯(y, 0)〉 = 〈x|
V
2(1 − V )
|y〉 . (4.2)
1We follow the conventions of [9].
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We now form linear combinations of Ψ(x, 0) and χ(x) of the form
Φα(x) = Ψ(x, 0)− ıαχ(x) and the same combinations for the indepen-
dent fields Φ¯α(x) = Ψ¯(x, 0) − ıαχ¯(x). We find that for α = −
1±√2
2 ,
Φα has a propagator proportional to
1−V
1+V which anticommutes with
γs on account of γsV γs = V
†. On the other hand, for α = 12 Φα has a
propagator proportional to δd(x−y), so is non dynamical. The various
Φα fields mix. Physically, on the defect there is an ordinary massless
fermion and also a non-propagating fermionic degree of freedom that
mixes with it.
5 Conclusion
The form of the overlap operator in d dimensions and the essential
features that allow the preservation of exact chiral symmetry in the
presence of a UV regulator are understandable with relative ease by
considering states bound to a delta-function mass defect in d + 1 di-
mensions, with a particular strength and sign. The δ-function mass
defect plays the role of the domain walls in Kaplan’s [3] original formu-
lation, each domain wall being that introduced by Callan and Harvey
for Weyl fermions [10]. The domain walls can be brought infinites-
imally close to each other because the mass parameter on the short
segment separating them is taken to infinity.
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